Experimental study on noise-induced synchronization of two uncoupled crystal oscillators is presented. The circuit consists of two Pierce oscillators that are isolated from each other and receive a common noise input from function generator. As the noise intensity is increased, coherent motions of the Pierce oscillators is enhanced and eventually their in-phase synchronization is achieved. Compared to periodic forcing signals such as square and sinusoidal waveforms, the synchronization has been induced more efficiently by the noise input, which requires less amount of the input power. Our experimental framework should be of practical use for synchronizing clocks of multiple CPU systems, distributed sensor networks, and other engineering devices.
I. INTRODUCTION
Synchronization is a ubiquitous phenomenon of coupled nonlinear oscillators found in a diverse fields of science and engineering. During the last several decades, remarkable progress has been made in both theory and experiment on synchronization of limit cycle and chaotic oscillators [1] [2] [3] . Although the most common situation presumes that the oscillators are directly coupled with each other, indirect interaction through commonly injected noise sources has been also known to synchronize uncoupled oscillators. It has been proven theoretically that a wide class of uncoupled limit-cycle oscillators can be in-phase synchronized by common weak white noise [4] . The theoretical framework has been extended to random impulses [5, 6] , general, colored and non-Gaussian, noise [7] , and also in the presence of uncommon noise [8] . Experimental systems that show the noise-induced synchronization include neuronal systems [9] [10] [11] and circuit systems [5, 6] . Despite intensive studies on noise-induced synchronization in a scientific framework, its application to engineering problems remains largely limited. Natural environmental sounds have been utilized as a noise source to synchronize simulated network of distributed sensors [12, 13] . Numerical study showed that noise can synchronize spin torque oscillators to overcome the problem of low output power in their array [14] .
In the present study, we apply the method of noiseinduced synchronization to crystal oscillators [15, 16] . The crystal oscillator is an electronic circuit composed of a piezoelectric resonator that determines the oscillation frequency. Because of its highly precise and stable oscillations, it has been widely used to provide clock signals to a variety of digital circuits and to stabilize frequencies of radio transmitters and receivers. The clock rate of a central processing unit (CPU) is also determined by the frequency of the crystal oscillator. Under these circumstances, synchronized operation of multiple clocks should be of significant importance in a future technology. For instance, to further accelerate the clock speed in CPUs, it is getting extremely difficult to integrate all the circuit elements into a single chip, because of the increased number of transistors, which should be located within a limited-size chip. Diving the CPU into multiple chips is inevitable, thereby synchronizing the clocks of the divided chips should be an essential requirement. As a source of the noise to synchronize the oscillators, utilization of the internal noise, which exists inherently within circuit itself, should be advantageous in terms of an economical recycling of the oscillation energy. A variety of further applications, e.g., synchronizing the clocks of distributed sensors and CPUs, should be found. Towards establishment of a basis for such technologies, we present here an experimental study on noise-induced synchronization of the crystal oscillators.
II. METHODS

A. Hardware implementation
As the piezoelectric crystal oscillator circuits, two Pierce oscillators [17] , each of which was composed of a single digital inverter (Toshiba 74HCU04AP), one resistor, two capacitors, and one quartz crystal (3.579 MHz, Kyocera CXH49SFB03579MOPES), were built. As shown in Fig. 1 , the inverters (INV 1 and INV 2 ) amplified oscillations of the crystals (XTAL 1 and XTAL 2 ) through feedback resistors (R 1 and R 3 ), while the capacitors (C 2 , C 3 , C 5 , and C 6 ) adjusted their oscillation frequencies. The output signals (V 1 and V 2 ) were generated through the buffers (INV 3 and INV 4 ).
As a common noise input, which was unidirectionally injected to the two Pierce oscillators, the function generator (Agilent 33250A) was used. Schottkey diodes (D 1 and D 2 ) rectified the input and isolated the two Pierce oscillators from each other. The coupling capacitors (C 1 and C 2 ) passed the alternating input signals, while the re- sistors (R 2 and R 4 ) discharge them. Physical parameters of the electric components used in the present experiment are summarized in Table I .
B. Experimental procedure
First, we confirmed that, without any input from the function generator, the two Pierce circuits gave rise to limit cycle oscillations. Then, white Gaussian noise was injected to the two circuits. To examine the dependence of the coherence between the two Pierce oscillators on the input noise intensity, the noise strength was slowly increased. As a quantity to evaluate the strength of the noise input, that is denoted by V 0 (t), its standard deviation was computed as
· represents average over time. As the main variables to characterize the dynamics of the two Pierce oscillators, the output voltages, denoted as V 1 and V 2 , were simultaneously measured by using an oscilloscope (Keysight InfiniiVision DSOX2014A) for N = 50, 000 data points with a sampling frequency of f s = 1 GHz. For each setting, 10 measurements were repeatedly made and their average and the standard deviation were computed. To compare the effect of the noise input with those of periodic ones, sinusoidal waveform as well as square waveform was also injected as the common input to the Pierce oscillators.
III. RESULTS Fig. 2 shows output waveforms measured from the two Pierce circuits in the case that no common input was injected. The top and middle panels represent the output waveforms V 1 (t), V 2 (t) from the first and the second oscillators, respectively, whereas the bottom panel displays the input signal V 0 (t) from the function generator. With respect to the triggered waveform on the top panel, the waveform on the middle panel was moving in time, because the phase of the second oscillator was not locked to that of the first oscillator. According to the autocorrelation analysis, the frequencies were estimated to be 3.579 MHz and 3.581 MHz for the first and second oscillators, respectively. Because the frequency resolution in our experimental set-up is ∆f = f s /N = 0.02 MHz, the frequency difference of 0.002 MHz computed between the two oscillators cannot be verified. However, the observed phase relationship that the first oscillator continued to be delayed from the second oscillator implies that there exists a slight detuning between the two oscillators. Fig. 3 shows Lissage plot of the two outputs on a two-dimensional plane (V 1 , V 2 ). In the absence of the common input, the Lissage plot shows a scattered structure with no clear locking in the phase relationship between the two signals.
We then injected a common noise input to the two oscillators by varying its input strength. Figs. 4 & 6 show the time waveforms in the case that the noise intensity is σ 0 = 0.026 V and 0.093 V, respectively. Figs. 5 & 7 show the corresponding Lissage plots. No apparent difference from the case without common input was recognized in the Lissage plots. As the noise intensity σ 0 was increased from 0.026 V to 0.093 V, the speed of the phase slipping was also decreased in the middle panels from Fig. 4 to Fig. 6 , implying that the frequency difference became smaller with the increased noise intensity. Fig. 8 displays the case that the noise intensity was set to σ 0 = 0.123 V. The waveform on the middle panel was not slipping from that on the top panel, since the phases of the two Pierce oscillators were locked to each other. Accordingly, the Lissage plot indicated a closed trajectory associated with a constant phase shift established between the first and second oscillators (Fig. 9 ). This is a hallmark of synchronization induced by the common noise input.
To quantify the level of synchrony, the correlation coefficient between the two outputs V 1 (t), V 2 (t − τ ) with time lag τ was computed as
where τ ) 2 . Then, the maximal correlation
provides an index of synchronization, whereas the corre- sponding time lag τ max = arg max 0≤τ ≤T r(τ ) gives the phase shift. Here, T = 2.79·10 −7 sec represents the natural period of the crystal oscillator. If the two oscillators are phase-locked with τ max , the two variables V 1 (t), V 2 (t − τ max ) should be highly correlated with each other. Otherwise, their phase difference would change in time, resulting in a low correlation. The solid line in Fig. 10 shows dependence of the maximal correlation r max on the noise intensity σ 0 . For each setting of the noise, the maximal correlation was computed for 10 time segments (each segment has data points of N = 50, 000) and their average was drawn with the standard deviation indicated by the error bar. In the region where the noise intensity σ 0 was small, the maximal correlation was small. As the noise intensity σ 0 was increased, the maximal correlation gradually increased and, for σ 0 > 0.12, the correlation reached nearly to unity, indicating the onset of a clear synchronization between the two crystal oscillators. The small error bars discernible in this region also indicate that the high correlation was independent of the time segment and the observed synchronization was quite robust. On the same figure, the phase shift τ max was also drawn by the dashed line. Relatively large error-bars in the region of small noise intensity indicated that the optimal phase shift was quite variable from one segment to another, implying that the phase relationship between the two oscillators has not been well established. The scale of the errorbar was comparable to the period length T of the crystal oscillator. For the noise intensity of σ 0 > 0.12, the errorbars became much smaller, because of the stable phase relationship established between the two oscillators. In the region of τ max ∈[0.12, 0.16], the phase shift remained relatively large. As the noise intensity was further increased, the phase shift became close to zero, indicating that in-phase synchronization was achieved. Finally, to compare the effect of the noise input with those of periodic ones, sinusoidal and square waveforms were injected to the same Pierce circuits as the common input. The oscillation frequency of the periodic inputs was set to 3.58 MHz, which is very close to the natural frequencies of the crystals. Fig. 11 shows dependence of the maximal correlation r max on the input intensity σ 0 . Compared to the noise input (solid line), the periodic inputs gave rise to synchrony associated with high correlation coefficient at relatively large intensities, i.e., 0.34 < σ 0 for sinusoidal waveform (dotted line) and 0.26 < σ 0 for square waveform (dashed line). These results demonstrate the advantage of the noise input over the periodic ones. One of the reasons why relatively large intensity was needed to achieve synchrony in periodic inputs might be because the periodic input should entrain the crystal oscillator to their own frequency, which requires a stronger condition of synchrony [2, 3] . The noise input, on the other hand, does not entrain the oscillator to itself, because it has no characteristic frequency. Instead, the noise adjusts the phases and timings of the oscillators so as to enhance coherent motions of the independent oscillators [4] .
IV. CONCLUSIONS AND DISCUSSIONS
To conclude, noise-induced synchronization of two uncoupled crystal oscillators was experimentally demonstrated. Compared to periodic input signals such as square and sinusoidal waveforms, the synchronization has been achieved more efficiently by the noise input. In general, noise is unwanted in electrical circuits, because it produces errors in the output signals and moreover lowers the precision of the oscillation frequencies. By contrast, the present results highlighted a positive aspect of the noise for inducing the synchrony. As a main source of the noise, instead of the function generator used in the present study, a variety of sources such as thermal noise, electromagnetic wave, chaotic oscillation, or others can be a good candidate for triggering the synchronized oscillations of the crystals. Recently, noise-induced synchronization has been applied to several engineering problems. For instance, simulation study examined environmental noise as a possible source for synchronizing wireless sensor networks [12, 13] . Noise-induced synchronization has been also utilized in a simulated array of spin torque oscillators to overcome their low output power [14] . Along the lines of these works, synchronization of the crystal oscillators presented in this study should provide a strong technological basis for unifying multiple CPUs, sensor networks, and other distributed clock devices.
In the present study, white noise has been utilized as the simplest form of the noise source. The important future step would be to optimize the type of the noise that induce synchronization with a minimal amount of energy. If common noise signals are added to the crystal oscillators with optimal timing and strength, the phase synchronization might be induced more quickly and robustly. For periodic stimulus, a methodology has been recently developed to design an optimal waveform [18, 19] . Our future study may focus on such optimization problems of noise inputs.
